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i 　　　   (E) 
 
where   is the Laplacian in 
n
R  and G  is a bounded domain of 
n
R  with 
piecewise smooth boundary G  and we consider the following boundary conditions 
 








  (B2) 
 
where   denotes the unit exterior normal vector to G  and 
),R);,0((~,  GC  )).,0[),,0((  GC  
 
We assume throughout this paper that: 
 
　)),,0();,0([)( 1 Ctr ));,0([)( RCtp , 
 
),,,2,1()),0[);,0([)(),( kiCtbta i  　  
);;(),(),,,2,1()),0[;(),( R CtxfmiCtxqi 　　   (H1) 
 




  ),,2,1( ki  , 




  ),,2,1( mi  ; (H2) 
 
),,2,1();()( 1 miCsi  　　RR  are convex on ),0[   and 
)()( ss ii    for 0s . (H3) 
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  . 
 
Definition 2.  A solution u  of equation (E) is said to be oscillatory in   if u  has a 
zero in ),(  tG  for any 0t . 
 
Definition 3. We say that functions ),( 21 HH  belong to a function classΗ , denoted by  
 




 0),( ttHi , )2,1(,0),(  istHi 　   for  st  , 
 
where }0:),{(  tsstD . Moreover, the partial derivatives tH  /1  and 


















where );(, 21 RDChh loc . 
 
The study of oscillation of solutions of partial differential equations is important in 
physical problems (see Mohyud-Din, Noor and Noor 2009). Some applications 
involving dynamics with spatial migrations, chemical reactions, control systems, 
combinatorics can be found in the monograph (Wu 1996). 
 
The oscillation criteria for forced second order nonlinear differential equations have 
been established by many authors. We refer to the papers (Li and Agarwal 2000, Li and 
Li 20000, Cakmak and Tiryaki 2005, Nasr 1998, El-Sayed 1993, Sun et al. 2004, Sun 
and Wong 2007, Wong 1999 and Yang 2003). Recently, there has been an increase in 
studying the oscillation for hyperbolic equations by using a generalized Riccati 
transformation (see Cui and Xu 2009, Li 2000, Li and Cui 1998, Wang et al. 2007, 2008, 
Zhong and Yuan 2007, for example). 
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The objective of this paper is to present several oscillation criteria for forced nonlinear 
hyperbolic equations under the two assumptions of forcing term. By using this 
assumptions and transforming into Riccati inequality, we obtain the oscillation results of 
equation (E). In subsections 5.1 and 5.2, we are going to give some examples 








































2.  Reduction to One-Dimensional Problems 
 
In this section we reduce the multi-dimensional oscillation problems for (E) to 
one-dimensional oscillation problems. It is known that the first eigenvalue 
1  of the 
eigenvalue problem 
 
ww     in     G , 
  0w      on    G  
 
is positive, and the corresponding eigenfunction )(x  can be chosen so that 0)(  x  
in G .  
 
Now we define 
 






The following notation will be used: 
 
   
G
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   
G


















































dxG || . 
 
Theorem 1.  If the functional differential inequalities 
 









  (1) 
 
have no eventually positive solution, then every solution ),( txu  of the problem (E), 













Suppose to the contrary that there is a non-oscillatory solution u  of the problem (E), 
(B1). Without loss of generality we may assume that 0),( txu  in ),[ 0  tG  for 
some 00 t , because the case where 0),( txu  can be treated similarly. Since (H2) 
holds, we see that ),,2,1(0))(,( kitxu i  　  and ),,2,1(0))(,( mitxu i  　  in 
),[ 1  tG  for some 01 tt  . Multiplying (E) by )(xK   and integrating over G , we 
obtain 




















 　　　 . (2) 
 
From Green's formula it follows that 
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 ,),()(),( 1 
G
tttdxxtxuK 　　   (3) 
 .)),(()())(,( 1 
G
ii tttdxxtxuK 　　  (4) 
 
















))),((()()()))(,((),( 　　 .  (5) 
 










Therefore, )(tU  is an eventually positive solution of (1). This contradicts the 
hypothesis and completes the proof. 
 











)))((()()()())()((   (6) 
 
have no eventually positive solution, then every solution ),( txu  of the problem (E), 





















Suppose to the contrary that there is a non-oscillatory solution  of problem (E), (B2). 
Without loss of generality we may assume that 0),( txu  in ),[ 0  tG  for some 
00 t . Since (H2) holds, we see that ),,2,1(0))(,( kitxu i  　  and 
),,2,1(0))(,( mitxu i  　   in ),[ 1  tG  for some 01 tt  . Dividing (E) by || G  and 
integrating over G , we obtain 
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　　 . (7) 
 



















ii  　　 . (9) 
 


















　　  (10) 
 





















tU  is an eventually positive solution of (6). This contradicts the hypothesis 
and completes the proof. 
 
 
3.  Second Order Functional Differential Inequalities 
 










  (11) 
 
to have no eventually positive solution, where ));,0([)( RCtf . 
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3.1. For the case (C1) 
 
We assume the following hypotheses: 
 
For some },,2,1{ mj  , there exists a positive constant   such that 
 
   )(tj   and ttj )( , 
 
and 0)(  sj , )(sj  is non-decreasing for 0s ; (H4) 
 
there exists baT 0  such that 
 
 0)( tf , ],[ bat , for some 00 T . (H5) 
 














  (12) 
 
has no solution on ),[ T  for all large T  and some 0
~
K , then (11) has no 
eventually positive solution, where )),0();,(()( 0
1  TCt  for some 00 T  and  
 






















































Suppose that )(ty  is a positive solution of (11) on ),[ 0 t  for some 00 Tt . From 
(11) there exist },,2,1{ mj   and 0, tba   such that 0)( tf  on the interval 
],[ baI , and so, 
 
 Ittytqtytptytr jjj  　　,0)))((()()()())()((  ,          (13) 
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which can be rewritten as 
 
   0)()()()()(  tytptrtytr . 
 
Hence, we observe that 
 




 tytptrtytretyetr tRtR .          (14) 
 
Using this fact that )()(
~












 .                       (15) 
 
 
A standard argument shows that 0)(  ty  (cf. Yoshida 2009). Since 0)( ty , 
0)(  ty  eventually, 
0))(( kty j   for some k0. Hence, we obtain 
 
  Kkty jjj
~



















































.       (16) 
 




















  .            (17) 
 
On the other hand, we have 
 
 )()()()())()(( twttwttwt   .                     (18) 
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Therefore, )(tz  is a positive solution of (12) on I .  This contradicts the hypothesis 
and completes the proof. 
 
Theorem 4.  Assume that (C1), (H4) and (H5) hold. If for each 0T  and some 
0
~

















































 ,        (21) 
 
then (11) has no eventually positive solution, where )),0();,(()(
~
0
1  TCt  for some 








































Suppose that )(ty  is a positive solution of (11) on ),[ 0 t  for some 00 t . At first, 
we assume that 0)( ty  on ),( ba  for 0, tba  . Proceeding as the same proof of 
























  .          (22) 



























Letting bt  in the above, we obtain 
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 .         (23) 
 
On the other hand, multiplying (22) by ),(1 tsH  and integrating over ],[ ct  for 






















































 .        (24) 
 



















































which contradicts the condition (21). Pick up a sequence ),[}{ 0  tTi  such that 
iT  as i . By assumptions, for each Ni , there exists ),0[,, iii cba  such 
that iiii bcaT  , and (21) holds with cba ,,  replaced by iii cba ,, , respectively. 
From that, every nontrivial solution )(ty  of (11) has no zero ),( iii bat  .  
 
Noting that iii Tat  , Ni  we see that )(ty  is a eventually positive solution of 
(11). This contradiction proves that Theorem 4 holds. 
 
Theorem 5.  Assume that (C1), (H4) and (H5) hold. For some functions H),( 21 HH , 
each 0T  and some 0
~
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 .             (27) 
 




















 .              (28) 
Combining (27) and (28), we obtain (21). The conclusion comes from Theorem 4, and 
the proof is completed.  
 
There exists an oscillatory function )(t  such that 
 




 .                (H6) 
 
 
















                           (29) 
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Suppose that )(ty  is a positive solution of (11) on ),[ 0 t  for some 00 t . From (11) 
there exists a },,2,1{ mj   such that 
 
0),()))((()()()())()(( tttftytqtytptytr jjj  　　 , 
which can be rewritten as 
 






























































 .                      (31) 
 
By standard argument, we see that 0)(  tw . On the other hand, we obvious that )(tw  
is eventually positive, otherwise, )()( tty   and this contradicts the hypothesis (H6). 
Since 0)( tw , 0)(' tw  eventually, 0))(( ktw j   for some 00 k . Hence, we 
obtain Kdktdw jjj
~
)()))((( 0   . Define )(tz  by 
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         (32) 
 
for some 
01 tt  . Furthermore, since 0)( t  as t , and )()()( ttytw  , there 
exists a 
12 tt   such that 
 ))(())(( tdwty jj   ,   for   2tt   and )1,0(d . 
 
By the hypothesis (H4), we have 
 2))),((()))((( tttdwty jjjj  　　　　 .            (33) 
Substituting (33) into (32), we obtain the inequality (29), which has a positive solution 
)(tz on ),[ 2 t . This contradicts the hypothesis and completes the proof. 
 
Theorem 7.  Assume that (C1), (H4) and (H6) hold. If for some )1,0(d  and some 
0
~
K , there exist H),( 21 HH  and Rcba ,,  such that bcaT   for each 



























































 ,      (34) 
 
then (11) has no eventually positive solution, where )),0();,(()(
~
0
1  TCt  for some 
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Suppose that )(ty  is a positive solution of (11) on ),[ 0 t  for some 00 t . 
Proceeding as the same proof of Theorem 3, multiplying (29) by ),(2 stH  and )(
~
s , 






















),( ~22222   































On the other hand, multiplying (29) by ),(1 tsH  and )(
~
s , integrating over ],[ ct  for 

































By adding the above two inequalities, we can lead to the contradiction. 
 
Theorem 8.  Assume that (C1), (H4) and (H6) hold. For some functions H),( 21 HH , 
each 0T  and some 0
~
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3.2. For the case (C2) 
 
In the proof of the subsequent theorem we shall use the following lemma which was 
extended the result of Kusano and Naito (1975). 
 
Lemma 1:  Assume that (C2) holds. If )(ty  is an eventually positive solution of (11), 


















Let 0)( ty , 0tt   for some 00 t . For the same proof of Theorems 3 and 6, we 
obvious that 
 
   0)(
~
,0)( tttye tR 










),()( 　　　 . 
 
Dividing the above inequality by )(
~












,)()()(0 　　 .         (37) 
 
Then, we consider following two cases: 
 
 




ssyesyty sR  . 
 
 
Case 2. 0)(  ty . Since 0)( ty , we see that )(ty  is bounded from above. Letting 
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t  in (37), we obtain the inequality. 
 











i 　　                (38) 
 
have no solution on ),[ T  for all large 0T  and some 0
~
K , then (11) has no 
eventually positive solution, where )),0();,(()( 0
1  TCt  for some 00 T , and 
 













































Suppose that )(ty  is a positive solution of (11) on ),[ 0 t  for some 00 Tt . From 
(11) there exist },,2,1{ mj   and 0, tba   such that 0)( tf  on the interval 
],[ baI , and so, the inequality (13) holds. In view of (14) we see that 0)(  ty  or 
0)(  ty  eventually. 
 
Case 1. 0)(  ty . It follows from Lemma 1 that 
 
 
11 ),()( tttcty  　　　  
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 )()()(1 tvttz  , 
 
then )(1 tz  is a negative solution of (38) on I . This is a contradiction. 
 
Case 2. 0)(  ty . There exists a constant 
0k  such that 0))(( kty j   for some 0k . 
Hence, we obtain Kkty jjj
~
)()))((( 0   , and so the subsequent proof proceeds as 
in the corresponding part of the proof of Theorem 3. The proof is complete. 
 
Theorem 10.  Assume that (C2), (H4) and (H5).  If for each 0T  and some 0
~
K , 

















































1  TCt  for some 00 T , then (11) has no eventually positive 
solution. 
 
Theorem 11.  Assume that (C2), (H4) and (H5) hold. For some functions 
H),( 21 HH , each 0T  and some 0
~
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1  TCt  for some 00 T , then (11) has no eventually positive 
solution. 
 
Now we will be used the following notation: 
 
 )}(,0max{)]([ tt   . 
 
 














i 　　                    (42) 
 
have no solution on ),[ T  for all large 0T  and some 0
~
K , 01 K , then (11) 
has no eventually positive solution, where )),0();,(()( 0













































Suppose that )(ty  is a positive solution of (11) on ),[ 0 t  for some 00 t . By the 
hypothesis (H6) and the definition )(tw , we see that 0)( tw . In view of (30), we find 
that 0)(  tw  or 0)(  tw  eventually. 
 
Case 1. 0)(  tw . It is obvious from Lemma 1 that 
 
 11 ),()( tttctw  　　　  
 






. Now we define 
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Since 0)( tw  and 0)(  tw , there is a constant 1k  such that )(1 twk  , 2tt   for 
some 
12 tt  , and hence 11)())(( Kktw jj  . On the other hand, we see that 
 
 
21 ),()()( ttttcty  　　 . 
 
Since )(ty  is eventually positive, we have 
 
 
31 ),))](())((([)))((( ttttcty jjjjj   　　  
 















tQtz  　 . 
 
Therefore, )(1 tz  is a negative solution of (42), which is a contradiction. 
 
Case 2. 0)(  tw . There exists a constant 0k  such that 0))(( ktw j   for some 
00 k . Especially, we obtain Kdktdw jjj
~
)()))((( 0   . The rest of proof is similar 
to the proof of Theorem 6, and hence the proof is complete. 
 
 
Theorem 13.  Assume that (C2), (H4) and (H6). If (34) and 
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1  TCt  for some 00 T , then (11) has no eventually positive 
solution. 
 
Theorem 14.  Assume that (C2), (H4) and (H6) hold. For some functions 
H),( 21 HH , each 0T  and some 0
~

























































5.  Oscillation criteria for the equation (E) 
 
We will derive the sufficient conditions for oscillation of solutions of the equation (E) 
combining the results of Sections 2-4. Using Riccati inequality, we derive the sufficient 
conditions for oscillation of solutions of hyperbolic equation (E). We need the following 
lemma which was obtained by Usami (1998). 
 
Lemma 2.  If there exists a function )),0();,([)( 0
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for some 









tx   , 
 
where 1 , )),0();,([)( 0  TCtp  and ));,([)( 0 R TCtq  has no solution on 
),[ T  for all large T . 
 
5.1.  Oscillation results by Riccati inequality for the case (C1) 
 
Combining Theorems 1-3 and Lemma 2, we obtain following theorem. 
 
Theorem 15.  Assume that (C1), (H1)-(H5), and that there exists babaT
~~






































































1  TCt  for some 00 T  and some 0
~
K , then every 
solution ),( txu  of  (E), (B1) [resp. (E), (B2)] is oscillatory in  . 
 
Combining Theorems 1-2, 6 and Lemma 2, we obtain following theorems. 
 
Theorem 16.  Assume that (C1), (H1)-(H5), and that there exists an oscillatory 
function )(t  such that 
 




.          (H8) 
23
Shoukaku: Forced Oscillations of Nonlinear Hyperbolic Equations
Published by Digital Commons @PVAMU, 2010
















































1  TCt  for some 00 T , some )1,0(d  and some 0
~
K , 
then every solution ),( txu  of (E), (B1) [resp. (E), (B2)] is oscillatory in  . 
 































                   ),,1[),0(),(,sinsin),(4   txtxtxut 　　       (46) 
 
 .1,0),(),0(  ttutu 　　                               (47) 
 
Here, 1 mn , 2k , 2)( ttr  , ttp 2)(  , 
4
1 ),( ttxq  ,   tt)(1  and 


















































































































22 )( dttt . 
 
Therefore Theorem 15 is applicable, and hence, every solution ),( txu  of the problem 
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(46), (47) is oscillatory in ),1[),0(  . Indeed, txtxu cossin),(   is such a solution. 
 
















































































　　　               (48) 
 
 .1,0),(),0(  ttutu 　　                                        (49) 
 
Here, 1n , 2k , 1m , 6)(  ttr , 72)(  ttp , 21 ),( ttxq  ,   tt)(1  and 
 1)('1 . Since 
 
 )ln()(










)(  , 
 
hold, (H5) and (H9) are fulfilled.  
 































































































42 )( . 
 
Therefore, all conditions of Theorem 16 hold, and so, every solution ),( txu  of the 
problem (48), (49) is oscillatory in ),1[),0(  . For example, txtxu sinsin),(   is 
25
Shoukaku: Forced Oscillations of Nonlinear Hyperbolic Equations
Published by Digital Commons @PVAMU, 2010
AAM: Intern. J. Special Issue No. 1 (August 2010)                 147 
such a solution. 
 
5.2. Interval oscillation results for the case (C1) 
 
Combining Theorems 1-2 and 4-5, we have following two theorems. 
 
Theorem 17. Assume that (C1), (H1)-(H4) and (H7). If for each 0T  and some 
0
~
K , there exist H),( 21 HH  and some ),( bac , )
~
,~(~ bac  such that 
babaT

































































1  TCt  for some 00 T , then every solution ),( txu  of (E), 
(B1) [resp. (E), (B2)] is oscillatory in  . 
 
Theorem 18.  Assume that (C1), (H1)-(H4) and (H7). For some functions 
H),( 21 HH , each 0T  and some 0
~
K , if (25) and (26) hold, then every solution 




1  TCt  for some 00 T . 
 
Combining Theorems 1-2 and 7-8, we have following two theorems. 
 
Theorem 19.  Assume that (C1), (H1)-(H4) and (H8). If for each 0T , some 
)1,0(d  and some 0
~
K , there exist H),( 21 HH  and Rcba ,,  such that 
bcaT   and (34) hold, then every solution ),( txu  of (E), (B1) [resp. (E), (B2)] is 
oscillatory in  , where )),0();,(()(
~
0
1  TCt  for some 00 T . 
 
Theorem 20.  Assume that (C1), (H1)-(H4) and (H8). For some functions 
H),( 21 HH , each 0T , some )1,0(d  and some 0
~
K , if (35) and (36) hold, 
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5.3. Oscillation results by Riccati inequality for the case (C2) 
 
Combining Theorems 1-2, 9 and Lemma 2, we obtain following theorem. 
 





































i dttQt , 
 
where )),0();,(()( 0
1  TCt  for some 00 T , then every solution ),( txu  of (E), 
(B1) [resp. (E), (B2)] is oscillatory in  . 
 
Combining Theorems 1-2, 12 and Lemma 2, we obtain following theorem. 
 











































then every solution ),( txu  of (E), (B1) [resp. (E), (B2)] is oscillatory in  , where 
)),0();,(()( 0

































































































 tttutu xx 　　　　　

                     (52) 
 
Here, 1 kn , 3m , 2)(
t
etr  , 2)2/1()(
t
etp  , 1),(1 txq ,  2)(1  tt , 
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tetxq 2),(2  , 4/5)(2   tt ,  teetxq
t
 22),(3 , 4/)(3   tt  and 
txtxf sincos),(  .  
 
It is easy to check that 1)(
~



















































































































































































2)()( 2 . 
 
Thus, all conditions of Theorem 21 are satisfied. Therefore every solution ),( txu  of 
the problem (51), (52) is oscillatory in ),1[),0(  . Indeed, txtxu sincos),(   is 
such a solution. 
  































        ),,1[),0(),(,cossin)2,(   txtxtxtu 　　　              (53) 
 
 .1,0),(),0(  ttutu 　　                                        (54) 
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Here, 1 mkn , ttr )( , 1)( tp , ttxq ),(1 ,  2)(1  tt  and 
txtxf cossin),(  .  
 
An easy computation shows that )ln()(

















)(  . 
 
If we choose 2)(  tt , 
2






















































































































































)( ttdttQt . 
 
Hence, Theorem 22 is applicable. Therefore every solution ),( txu  of the problem (53), 
(54) is oscillatory in ),1[),0(  . For example, txtxu cossin),(   is such a solution. 
  
5.4. Interval oscillation results for the case (C2) 
 
Combining Theorems 1-2 and 10-11, we have following two theorems. 
 
Theorem 23.  Assume that (C2), (H1)-(H4) and (H7). If for each 0T  and some 
0
~
K , there exist H),( 21 HH  and some ),( bac , )
~
,~(~ bac   such that 
babaT
~~  , (21), (39),  (50) and 
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1  TCt  for some 00 T , then every solution ),( txu  of (E), 
(B1) [resp. (E), (B2)] is oscillatory in  . 
 
Theorem 24.  Assume that (C2), (H1)-(H4) and (H7). For some functions 
H),( 21 HH , each 0T  and some 0
~
K , if (25), (26), (40) and (41) hold, then 




1  TCt  for some 00 T . 
 
Combining Theorems 1-2 and 13-14, we have following two theorems. 
 
Theorem 25.  Assume that (C2), (H1)-(H4) and (H8). If for each 0T , some 
)1,0(d  and some 0
~
K , there exist H),( 21 HH  and Rcba ,,  such that 
bcaT   and (34) and (43) hold, then every solution ),( txu  of (E), (B1) [resp. (E), 
(B2)] is oscillatory in  , where )),0();,(()(
~
0
1  TCt  for some 00 T . 
 
Theorem 26. Assume that (C2), (H1)-(H4), (H9) and (H8). For some functions 
H),( 21 HH , each 0T  some )1,0(d  and some 0
~
K , if (35), (36), (44) and 




1  TCt  for some 00 T . 
 
6.  Conclusion 
 
In this paper, we established the sufficient conditions for every solution of (E) to be 
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